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Abstract 

In this paper, we generalized the classical Fermat point, proved the 
sufficient and necessary condition of uniqueness for the generalized Fermat 
point(GFP) theorem, and discuss some interesting geometric property of 
the generalized Fermat point. Here N is the number of points. 

Fermat point problem was proposed by Fermat about 300 hundred years ago, 
"For a triangle ABC, find a point P, such that PA + PB + PC is 
minimal" . 

Since then there has been many methods dealing with this interesting prob- 
lem, and also many generalizations (in norm space or sphere etc.) of this prob- 
lem, here we first generalize it into following type. 

"For a triangle ABC, find a point P, such that {\PA\ r + \PB\ r + 
\PC\ r )~ is minimal", and we called it (3,r) type generalized Fermat point 
problem. Similarly, we can define a (N, r) type generalized Fermat point prob- 
lem in finite dimensional Euclidean space. 

Theorem 1. ABC is a triangle in R 2 . P(x,y) is a moving point in the plane. 
Define: 

f{P, a) = {\AP\ a + \BP\ a + \CP\ a )« a > 1 

VI ^ a < oo, there exists a unique P s.t. f(P,a) reaches the minimal 
value. 



when a > 1 



\AP\ a - 2 Ap + \BP\ a - 2 B~P + \CP\ a - 2 Cp = 1? (1) 
sin ZAPB sin ZBPC sin ZAPC 



\CP\<*-1 IAPI"- 1 \BP[ 



(2) 
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when a = 1, and each angle of the triangle ABC is smaller than we also 
have 

\AP\ a - 2 Ap +\BP\ a - 2 B~P +\CP\ a - 2 Cp = 1? (3) 
sin ZAPS _ sin ZPPC _ sin ZAPC 
\CP\»~i ~ IAPI"- 1 ~ IBPI"- 1 ( ^ 

Proof, a = 1 is corresponded to the classical result. We just need to consider 
the cases a > 1. The existence of P is obvious, and the minimal point must lie 
in a compact set E C ABC. And we have more when a > 1, the minimal point 
can not lie in its boundary. 

a > 1, f(P,a) is differentiable in the whole plane R 2 , gradient of / is 

V/ = V\AP\ a + v\BP\ a + \/\CP\ a 

= alAPl 01 - 1 v \AP\ + alBP^- 1 y |BP| + ^BP^- 1 y |BP| 
= a|AP| Q - 2 I^ + a\BP\ a - 2 B~P + a\CP\ a - 2 CP~ 

When / gets its minimal, we have y/ = 1? 

| AP |a-2^ + \ BP \*-2-^p + \ C P\ a - 2 CP > = ~$ 

This is just (1), and (2) is directly by (1) and sine theorem. 

\AP\ a - 2 Ap xJP + \BP\ a - 2 B~P xJP + \CP\ a - 2 C~P x aP = it 
directly implies 

sin ZAPB _ sin ZAPC 
\CP\ a - x ~ \BP\ a - 1 

Now we will prove / can not reach the minimal on the boundary. If P = A or 
(B,C), * 

which implies A, B, C are in a line, contradiction. Similar proof can be given 
when P is on the boundary (not the vertex). The uniqueness is related to strict 
convex fact. If P, Q are two distinct minimal points, define M t in the segment 
of P, Q s.t. 

mt t = toP + (i - t)d$ o^t^i 

f(M t , a) = \mX\ a + \wl\ a + \M^\ a (a > 1) 

= t\p\l+(l- t)Q%\ a + \tP~P + (1 - t)Qp\ a + \tPC + (1 - t)Q&\" 

^ {t\pl\ + (i - t)\ol\) a + (t\p~P\ + (i - t)\oP) a + {t\p~d\ + (i - t)\od\ 

^af(P,a) + (l-a)f(Q,a) 

By minimality of f(P, a) and f(Q, a), we get f(M t , a) = f(P, a), the equal- 
ity is satisfied if and only if P = Q. 

□ 
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When a varies, it is interesting to discuss the locus of P a , we can called 
it generalized Fcrmat curve, and it is well defined. For a general triangle, the 
generalized Fermat curve will not self- intersect. 

Theorem 2. If3a\ ^ a 2 ,s.t. P ai = P a . 2 ,then AABC is a equilateral triangle. 
For a equilateral triangle, generalized Fermat curve will degenerate to a point 
(its center). 

Corollary 1. If AABC is not equilateral triangle, then the Fermat curve will 
not self-intersect. 

Proof. P ai = P a2 . a\ ^ a 2 . Assume a 2 ^ 1, by Thereom2 above, P a2 can 
not be vertex or lie in side of triangle, hence P ai , P a2 are both in the interior 
of triangle. P ai , P a2 satisfied: 

\P ai A\ a '- 2 P^+\P ai B\^- 2 P^ + \P ai C\ a '- 2 P^d = ~3 
\P a2 A\ a -- 2 P^A+\P a2 B\ a -- 2 P^B~ + \P a2 C\ a -- 2 P^ = t 
replace P ai and P a2 with P: 

\PA\ ai - 2 pl + \PB\ ai - 2 P~i + \PC\ ai - 2 P~C~ = if 
\PA\ a2 - 2 pA + \PB\ a2 - 2 P^ + \PC\ a2 - 2 P~& = 1? 

hence we get: 

|P4|«i-2 \PB\ a *- 2 \PC\ ai ~ 2 

K 



\PA\^~ 2 \PB\ a i- 2 \PC\ a2 ~ 2 



\PA\ _ \PB\ _ \PC\ 



£,ai-2/a 2 -2 



\PA\ \PB\ \PC\ 

\PA\ = \PB\ = \PC\ and ~P~X + PB~ + P~C~ = "it. P is barycenter and circum- 
center, we get AABC is equilateral triangle. 

□ 

Remark 1. Fermat points, barycenter are on the Fermat curve, when a = 2 

AP% + Bp\ + CP\ = ~^ 
The coordinate of P 2 is ( — i y A+y z +Vc \ which implies P 2 is a 



barycenter of AABC. 

Also we can generalize it to (N, r) type generalized Fermat points, use the 
idea above, we can prove the following uniqueness theorem. 

Theorem 3. (N, r)-type generalized Fermat point is not unique iff r = 1, N is 
even, and all of the N points in a line. 

Corollary 2. For any polygons, classical Fermat point is unique. 

This is a interesting result, the proof is just similar in the bf proof 1. 
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